Hyperelastic model with damage induced compressibility is implemented in the ABAQUS software using the subroutine Umat. A thermodynamic model is proposed taking into account the nonlinearity of the material behavior. Within the present work, the behavior of laminated rubber bearing structure is studied for two geometrical sets of materials (A-type and equivalent material) under complex monotonic loading conditions. A new geometric edge of laminated rubber bearing is proposed in order to reduce the development costs of the structure. The proposed model allowed finding a good homogenized damage distribution for the same overall stiffness.
Introduction
Rubber, thermoplastics and nano-composites with polymeric matrix are recent materials compared with metallic materials. These rubbers-like materials are frequently used in different fields such as the automobile and aeronautic industries. They are known to undergo large elastic strains and highly non-linear behavior, sensitive to the strain rate and the temperature. Moreover, their mechanical response varies according to the degree of cross linking as well as the incorporated particles nature and volume fraction.
Several models have been proposed and developed in literature in accordance with various phenomena: modeling of the continuum damage due to the Mullins effect, visco-hyperelastic approach with continuous and discontinues damage concept, thermo mechanical coupling and hyperelasticity investigations in the case of monotonic loading.
The first pioneers working in this field are Rivlin, Treloar and Ogden [1] [2] [3] . They developed incompressible hyperelastic laws which were successfully implemented in most finite elements software like ABAQUS. However, recent studies assume that these materials have a compressible hyperelastic behavior sensitive to the strain rate and they report that a volume variation is often observed due to the damage process [4] [5] [6] [7] [8] [9] [10] [11] [12] .
In this paper, a compressible hyperelastic law is implemented and coupled with the damage induced by the compressibility effect. This law is written in a thermodynamic formalism with an irreversible process according to the phenomenological approach (local method) developed by Lemaître and Chaboche [13] . This approach is based on experimental observation results where a state variable is used to reproduce each identified experimental process. It is found that laws formulated with this approach are in agreement with mass and energy conservation principles as well as the first and the second thermodynamics laws.
In this work, we will firstly introduce and define the state variables and the free energy function used in this study. The potential dissipation and the damage criteria surface will then be presented. A Neo-Hooke law coupled with damage and a Mooney Rivlin law are subsequently adopted and implemented in ABAQUS through the user subroutine Umat. Illustrative examples of the model use are ultimately given. observable state variables: B the left Cauchy Green tensor, and D the scalar variable describing the evolution of the isotropic damage, considered as the only source of energy dissipation. The multiplicative decomposition of the deformation gradient F and of the left CauchyGreen tensor B into dilational and distortional parts is adopted. The modified (barred) tensors (Equation (1)) are associated with volume-preserving deformations, while the jacobian J accounts for volumetric changes.
The uncoupled form of the free energy in a volumetric and isochoric contribution written in terms of the transformation jacobian J is given by the Equation (2). ;
where:  s W and 0 W are the spherical and the deviatoric part of the potential, respectively.  K is the compressibility modulus of material.  J is the effective variable of J given by:
In Equation (3), ( ) g D is a positive increasing function of D and  is an intrinsic material parameter, usually taken between 0 and 1. The deviatoric part of the potential 0 , represents the deformation energy of undamaged solid (incompressible part, i.e. deviatoric part of the state potential or distortional part) affected by due to the damage effect. The fundamental Clausius-Duhem inequality is written as follows:
The associate thermodynamic forces (states relations) given in Equations (5) and (6) are the Kirchhoff stress tensor  and the thermodynamic damage force Y.
Similar to the state potential, these forces are decomposed into a spherical part (of pure volumetric compression), and a distortional part (incompressible or isochoric) as follows:
The dissipation condition is represented by the following equation:
Damage Description
The damage evolution is described by the convex of non damage that is available at any time of the loading history [8, 9] as follows:
where is a positive increasing function of D, giving the size of the damage surface in the deformation space. In this work, a simple form of is chosen as:
where 0 , 0 and n are constant material parameters. According to the standard normality argument, the damage evolution law is integrated using the following system of equations:
where   is the damage multiplier. Using the consistency condition (i.e. 0 f   ), the damage evolution law can be determined by:
where (*) dev denotes the deviatoric part of *, <x> is a positive part of x and H is a positive scalar defined by:
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Application to the Hyperelastic Models
The formulation of the Mooney Rivlin potential proposed initially by Mooney used in the studies [1, 2] will be adopted in the present work. From a mechanical viewpoint, this law has the advantage of being stable which is expressed as follows:
The state relations that define the damaged hyperelastic behavior are described by:
The Cauchy stress tensor is described by the following equations system:
Implementation Procedure
In the previous section, a Mooney Rivlin law coupled with damage is defined. This law is implemented in the commercial code ABAQUS/implicit using a new material behavior through the user subroutine Umat. ABAQUS/ implicit is based on an iterative solver like the NewtonRaphson scheme that needs the determination of the tangent matrix ijkl . This matrix must be consistent with the integrated scheme of the previous developed constitutive equations by means of the differential form of the Kirchoff stress tensor: 
Application to a Laminated Rubber Bearing
As an application for the proposed model we choose a bridge which consists mainly of bridge deck supported by piers. The laminated rubber bearing with cylindrical shape is placed between the bridge deck and the piers. Bridge bearings are devices used for transferring loads and displacements from deck to piers. Their main role is to avoid damage during thermal expansion, vehicular motion and loading to piers. Neoprene is the material used for the bridge bearing which contains two rigid frames (RM) (see Figure 1) . This hyperelastic material is able to absorb and isolate energy resulting from impacts and vibrations. The proposed hyperelastic model coupled with damage is implemented in the FE (finite elements) application using ABAQUS code through the Umat subroutine. The damage parameters are shown in Table 1 , where K, 10 and 01 C are the compressible parameters. The intrinsic material parameter C  relates to the rate dependence of the damage induced by compressibility (Equation (3)). 0 , 0 and n represent the parameters of the chosen potential of damage (Equation (11)). Two loading steps are imposed on the structure. A compression loading is applied during a first step up to 24 tons along F direction. At this level of charge, a 10 mm shear displacement is imposed in a second step along the U direction as illustrated by Figure 1 . The overall results will be discussed in the following sections for two cases: Neo-Hooke and Mooney Rivlin potentials applied for both cylindrical (common) and chamfered edge case.
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Cylindrical Shape
The previously described equations are integrated to an ordinary geometry of the laminated rubber bearing using a cylindrical shape as shown in Figure 1 . Because of the geometrical symmetry of the parts, only half of the structure is modeled using 3D hybrid quadratic brick C3D20H elements. Table 1 summarizes the geometric, material and loading parameters. The rubber bands have the well known cylindrical shape where the neoprene material (A-type) is affected for the three layers. Applying the Neo-Hooke hyperelastic potential 01 0 C  , the damage distribution shown in Figure 2 (a) presents a pronounced disparity in such values especially in the lower band near the interface with the frame where the maximum reaches 34%.
In order to better homogenize the damage distribution through the overall structure, we propose to consider different materials for the three neoprene bands. The so called "equivalent material" is then used. It consists of affecting the set B, C and D for the upper, middle and lower band respectively. The results can be clearly observed in Figure 2(b) , where the damage distribution does not present any particular concentration and the overall stiffness remains slightly unchanged. Moreover, the evolution of damage and Von Mises stress versus true strain in the integration point which presents the maximum value is illustrated in Figure 3 for both A-type material and the equivalent material. It appears clearly that for the coupled case the stress level decreases and the damage is higher for the A-type material compared to the equivalent material. The disparity of damage evolution between the two configurations increases for deformations beyond 10% as illustrated in Figure 3 .
At the same integration point, the damage evolution changes position from compression to shear as shown in Figure 4 . This behavior could be attributed to the low drop in the equivalent stiffness of the structure which is more sensitive in shear than in compression. This is due to the imposed higher displacements.
Chamfered Edge
In a second step, a chamfered edge is adopted as a new geometrical model where the A-type material is considered for the whole structure. Figure 5 shows the proposed model meshed using 8481 3D 20-node quadratic brick hybrid elements. The overall stiffness of the structure is highlighted in both compression and shear loading for the cylindrical and the chamfered edge geometry. With shear loading the coupled behavior is more noticeable in the chamfered case compared to the cylindrical case for the damage evolution.
Subsequently, the impact of the chamfered edge on the damage distribution is well characterized by a better homogenous distribution as shown in Figure 6 compared to the above mentioned cylindrical shape using the same material conditions (Figure 2(a) ).
Extension to the Mooney Rivlin Potential (Chamfered Case)
The model equations described above are integrated according to the Mooney Rivlin law. Figure 7 shows the overall stiffness of the laminated rubber bearing using the Mooney Rivlin (simple line) and the Neo-Hooke model (marked line). A significant discrepancy in the predicted stiffness is found between the two results. It appears clearly that the Neo-Hooke model underestimates the stiffness of the structure. This could be due to the corrective term 01 C that better defines the cross-linkage density of the hyper elastic material. In fact, it is well known that the crosslinking increases with a drop of the 01 10 C C ratio; i.e. microscopically speaking, the molecule chains are shorter and more entangled. Such behavior expressed by a decrease in the overall stiffness of the structure seems to be in agreement with the Neo-Hooke model. The consistency of the Mooney Rivlin law in comparison with the Neo-Hooke model is also shown in Figure  8 where the damage evolution is better described. This figure emphasizes the high level of nonlinearity with shear loading starting from t = 1 s in time axis. This non linearity is well established by Mooney Rivlin law (simple line) where the Neo-Hooke model faces a convergence issues (marked line). This result is in agreement with most investigations conducted in the literature where the applicability of the Neo-Hooke model does not exceed 60% of deformation [14] . Furthermore, it is well known that the mobility of the molecular chains is related to the material coefficients 10 and 01 C . The motion of the molecular chains is affected by the increase of 01 value which in turn increases the material energy dissipation. 
Conclusions
A numerical tool based on the finite elements method is developed to predict the behavior of the damage induced compressibility of a hyperelastic structure subjected to a monotonic loading (compression and shearing). This formalism is applied to the case of a laminated rubber bearing for different geometrical sets of materials. We found that damage prediction could be improved using an equivalent material instead of the A-type one. A new approach is adopted to better homogenize the damage distribution by substituting the exterior cylindrical shape with a chamfered edge while maintaining the initial A-type material. The comparison between the Neo-Hooke and Mooney Rivlin model highlights the ability of the Mooney Rivlin model to predict not only the stiffness of the structure but also the damage evolution with a highly non linear behavior. Future works will focus on the extension of this formalism by taking into account the stress softening, hysteresis loss and cyclic softening in the random fatigue case. This will enable us to predict the fatigue strength of this new laminated rubber bearing. Such analysis is currently in progress and material parameters will be identified from experimental responses.
